Linear birth--death models play a pivotal role in phylodynamics. These stochastic models provide a prior distribution on evolutionary trees (both the shape and edge length distribution) for Bayesian inference methods ([@B24]; [@B19]). Moreover, these models allow biologists to estimate key parameters of macroevolution (such as speciation rates corresponding to birth rates and extinction rates corresponding to death rates) from reconstructed phylogenetic trees which were dated by fossil (or other time-sampled) evidence ([@B11]).

The study of such models dates back to some classical papers from the early to mid-20th century ([@B25]; [@B6],[@B7]), and the application of these models to phylogenetics and phylodynamics flourished from the 1990s onwards ([@B11]; [@B13]). Further in-depth mathematical analysis ([@B1]; [@B9]; [@B2]; [@B10]; [@B8]) has extended our understanding of the properties of these models and extensions that allow more complex processes of birth and death.

In this article, we identify and explore curious symmetries in fundamental birth--death model probability distributions when the birth and death rates ($\documentclass[12pt]{minimal}
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Birth--Death Symmetries {#SEC1}
=======================

Consider a phylogenetic tree that evolves from a single ancestral individual according to a birth--death process, with a constant birth rate $\documentclass[12pt]{minimal}
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This equation states the surprising result that the probability of one individual having one surviving descendant after time $\documentclass[12pt]{minimal}
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This result has been established in [@B23] and explicitly stated in [@B21] (an alternative formal proof of Theorem 1 is provided in the supplementary material available on Dryad at [http://dx.doi.org/10.5061/dryad.57704ft](10.5061/dryad.57704ft)). To provide some intuitive insight into this result, we now provide a direct and conceptually transparent Proof of Theorem 1 in the case where $\documentclass[12pt]{minimal}
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Intuitively, the result of the time-reversed process with birth and death being interchanged is analogous to the forward-in-time process. However, we justify this intuition by a formal argument showing that the probability of observing one individual after time $\documentclass[12pt]{minimal}
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}{}$p_{1,1}(t\:|\:\lambda,\mu)$\end{document}$ is the integral over all realizations $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$X$\end{document}$ under Scenario 1, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p_{1,1} (t\:|\:\lambda,\mu) = \sum_{k=0}^\infty \int_{\tau} L_1(X_{\tau, k}) d\tau$\end{document}$, where $\documentclass[12pt]{minimal}
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\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
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\begin{document}
}{}$X_{\tau, k}$\end{document}$ is a realization with $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$k$\end{document}$ birth events according to an event time vector $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\tau = (t_1,t_2,\ldots, t_{2k})$\end{document}$.

Analogously, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p_{1,1} (t\:|\:\mu,\lambda) = \sum_{k=0}^\infty \int_{\tau} L_2(X'_{\tau, k}) d\tau$\end{document}$. Since $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$L_1(X_{\tau,k}) = L_2(X'_{\tau,k})$\end{document}$, each component in this integration has the same probability density and thus we have $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p_{1,1} (t\:|\:\lambda,\mu)= p_{1,1} (t\:|\:\mu,\lambda)$\end{document}$.

One can directly extend this argument to establish Theorem 1 for any value of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$n\geq 1$\end{document}$ by considering the associated forward-in-time and backward-in-time processes.

General Symmetries under Incomplete Sampling {#SEC2}
============================================

We continue to study a birth--death model with constant and non-negative birth and death rates $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\lambda$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\mu$\end{document}$. However, we now allow each of the individuals present at time $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$t$\end{document}$ to be sampled (independently) with probability $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\rho \in (0,1]$\end{document}$.

Let us first suppose that we start with one individual at time 0, and let $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p_i(t\:|\:\lambda,\mu,\rho)$\end{document}$ be the probability that $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$i$\end{document}$ sampled descendants are observed (i.e., extant and sampled) at time $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$t$\end{document}$. The exact expressions for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p_i(t)=p_i(t\:|\: \lambda,\mu,\rho)$\end{document}$ are provided by the following theorem.

*For $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\lambda \neq \mu$\end{document}$, we have:* $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
$$p_n(t) =
\begin{cases}
1- \frac{\rho (\lambda-\mu)}{\rho \lambda + (\lambda(1-\rho)-\mu) e^{-(\lambda-\mu)t }}, & {\it{ if }}\,\, n=0;\\[8pt]
\frac{ \rho (\lambda-\mu)^2 e^{-(\lambda-\mu)t}}{( \rho \lambda + (\lambda(1-\rho)-\mu) e^{-(\lambda-\mu)t })^2 }, & {\it{ if }}\,\, n=1;\\[8pt]
p_{1,1} (t) (\lambda {q}(t))^{n-1}, & {\it{ if }}\,\, n>1;
\end{cases}
$$\end{document}$$ *with* $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
$${q}(t):={q}(t\:|\:\lambda,\mu,\rho)=\frac{ \rho ( 1- e^{-(\lambda-\mu)t})}{ \lambda \rho + (\lambda(1-\rho)-\mu) e^{-(\lambda-\mu)t} }.$$
\end{document}$$

*For the critical case $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\lambda=\mu$\end{document}$, we have:* $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
$$p_n(t) =
\begin{cases}
1- \frac{\rho}{1 + \rho \lambda t}, & {\it{ if }}\,\, n=0;\\[8pt]
\frac{\rho}{(1 + \rho \lambda t)^2}, & {\it{ if }}\,\, n=1;\\[8pt]
p_{1,1} (t) (\lambda {q}(t))^{n-1}, & {\it{ if }}\,\, n>1;
\end{cases}
$$\end{document}$$ *with* $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
$${q}(t):={q}(t\:|\:\lambda=\mu,\rho)=\frac{ \rho t }{1+ \rho \lambda t}.$$
\end{document}$$

For $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\lambda > \mu \geq 0$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\rho \in (0,1]$\end{document}$, the result is already provided in [@B15], based on earlier work by [@B11]; [@B24]. The critical case for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\rho=1$\end{document}$ is provided for example in ([@B4]). For the proof of the remaining cases, refer to the [Supplementary Material](10.5061/dryad.57704ft) available on Dryad.

In what follows, we investigate the expressions for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p_i(t\:|\:\lambda,\mu,\rho)$\end{document}$ in detail, and identify symmetries with respect to adjusted birth and death rates.

Negative "Death Rates" in the Case of Incomplete Sampling {#SEC2.1}
---------------------------------------------------------

We introduce two new variables $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\lambda'$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\mu'$\end{document}$, which will play a key role in the remainder of the article. They are defined by $\documentclass[12pt]{minimal}
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\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
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\begin{document}
}{}$\lambda, \mu,$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
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\begin{document}
}{}$\rho$\end{document}$ according to the following transformation: $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
$$\lambda' =\rho \lambda \mbox{ and } \mu' =\mu-\lambda(1-\rho).$$
\end{document}$$

Note that when $\documentclass[12pt]{minimal}
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\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
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\usepackage{mathrsfs}
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\begin{document}
}{}$\rho=1$\end{document}$, we have $\documentclass[12pt]{minimal}
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}{}$\lambda'=\lambda$\end{document}$ and $\documentclass[12pt]{minimal}
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\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\mu'=\mu$\end{document}$. Further, for all vales of $\documentclass[12pt]{minimal}
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\usepackage{mathrsfs}
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\begin{document}
}{}$\rho$\end{document}$ we have $\documentclass[12pt]{minimal}
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}{}$\lambda'-\mu' = \lambda-\mu$\end{document}$ (thus $\documentclass[12pt]{minimal}
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}{}$\lambda' \neq \mu'$\end{document}$ if and only if $\documentclass[12pt]{minimal}
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\begin{document}
}{}$\lambda \neq \mu$\end{document}$). Note also that $\documentclass[12pt]{minimal}
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}{}$\mu'<0$\end{document}$ is entirely possible (e.g., when $\documentclass[12pt]{minimal}
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\begin{document}
}{}$\lambda=4 \mu$\end{document}$ and $\documentclass[12pt]{minimal}
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\usepackage{mathrsfs}
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\begin{document}
}{}$\rho = 0.5$\end{document}$, we obtain $\documentclass[12pt]{minimal}
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\begin{document}
}{}$\mu'=-\mu$\end{document}$). In this case, $\documentclass[12pt]{minimal}
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\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
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\begin{document}
}{}$\mu'$\end{document}$ cannot easily be viewed as a death rate (nor as a birth rate); however, allowing $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
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\usepackage{upgreek}
\usepackage{mathrsfs}
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\begin{document}
}{}$\mu'$\end{document}$ to take any real value (positive or negative) means that all parameter triplets $\documentclass[12pt]{minimal}
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\usepackage{amsfonts} 
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}{}$(\lambda,\mu,\rho)$\end{document}$ have a transformation to $\documentclass[12pt]{minimal}
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}{}$(\lambda',\mu')$\end{document}$.

The following lemma is straightforward to verify using simple algebra ([@B17]).
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}{}$\lambda, \mu \geq 0,$\end{document}$ and $\documentclass[12pt]{minimal}
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\begin{document}
}{}$\rho \in (0,1]$\end{document}$, the four functions* $$\documentclass[12pt]{minimal}
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\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
\begin{align*}
& \lambda {q}(t\:|\:\lambda,\mu,\rho), \mbox{ } \lambda (1-p_0(t\:|\:\lambda,\mu,\rho)),\\
&\quad{} \lambda p_{1,1} (t\:|\:\lambda,\mu,\rho), {\it{ and }}\,\, \lambda p_n(t\:|\:\lambda,\mu,\rho)
\end{align*}\end{document}$$ *can be written as functions of only two parameters ($\documentclass[12pt]{minimal}
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}{}$\lambda'$\end{document}$ and $\documentclass[12pt]{minimal}
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\begin{document}
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}{}$\lambda \neq \mu$\end{document}$ (rather than the three parameters $\documentclass[12pt]{minimal}
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}{}$\lambda=\mu$\end{document}$, these four functions can be written as functions of the single parameter $\documentclass[12pt]{minimal}
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\begin{document}
}{}$\lambda'$\end{document}$.*

In order to investigate symmetries, we define the following functions, which only depend on $\documentclass[12pt]{minimal}
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}{}$\mu'$\end{document}$, and $\documentclass[12pt]{minimal}
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}{}$t$\end{document}$ (rather than the four parameters $\documentclass[12pt]{minimal}
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}{}$\lambda, \mu, \rho,$\end{document}$ and $\documentclass[12pt]{minimal}
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}{}$t$\end{document}$) (this dependence on $\documentclass[12pt]{minimal}
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}{}$\lambda'$\end{document}$, $\documentclass[12pt]{minimal}
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}{}$\mu'$\end{document}$, and $\documentclass[12pt]{minimal}
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\begin{document}
}{}$t$\end{document}$ can easily be seen from Lemma 3). Let: $$\documentclass[12pt]{minimal}
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\begin{document}
}{}
\begin{eqnarray*}
\tilde{p}_0(t\:|\: \lambda',\mu') &:=& \frac{1}{ \rho} (1-p_0(t\:|\:\lambda,\mu,\rho)), \\
\tilde{q}(t\:|\: \lambda',\mu') &:=& \frac{1}{ \rho} {q}(t\:|\:\lambda,\mu,\rho),\\
\tilde{p}_1(t\:|\: \lambda',\mu') &:=& \frac{1}{ \rho} p_{1,1} (t\:|\:\lambda,\mu,\rho),\\
\tilde{p}_n(t\:|\: \lambda',\mu') &:=& \tilde{p}_1(t\:|\: \lambda',\mu') {(\lambda' \tilde{q}(t\:|\: \lambda',\mu'))}^{n-1}.\\
\end{eqnarray*}\end{document}$$
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}{}
\begin{eqnarray*}
\tilde{p}_0(t\:|\: \lambda',\mu') &=& \frac{ \lambda'-\mu'}{ \lambda' - \mu' e^{-(\lambda'-\mu')t }}, \\
\tilde{p}_1(t\:|\: \lambda',\mu') &=& \frac{ (\lambda'-\mu' )^2 e^{-(\lambda'-\mu')t}}{( \lambda' -\mu' e^{-(\lambda'-\mu')t })^2 },\\
\tilde{p}_n(t\:|\: \lambda',\mu') &=& \frac{1}{ \rho} p_{1,1} (t\:|\:\lambda,\mu,\rho) (\lambda {q}(t\:|\:\lambda,\mu,\rho))^{n-1}\\
&=& \frac{1}{ \rho} p_n(t\:|\: \lambda,\mu,\rho),\\
\tilde{q}(t\:|\: \lambda',\mu') &=& \frac{ 1- e^{-(\lambda'-\mu')t}}{ \lambda' -\mu' e^{-(\lambda'-\mu')t}}.
\end{eqnarray*}\end{document}$$
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}{}$\tilde{p}_1(t\:|\: \lambda',\mu')= p_{1,1} (t\:|\:\lambda,\mu,\rho=1)$\end{document}$. This leads to the following symmetries with respect to $\documentclass[12pt]{minimal}
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}{}$\mu'$\end{document}$. A proof is provided in the [Supplementary Material](10.5061/dryad.57704ft) available on Dryad.
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}{}$\mu' \geq 0$\end{document}$, the following symmetries hold:* $$\documentclass[12pt]{minimal}
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}{}
\begin{eqnarray*}
{\lambda' (1-\tilde{p}_0(t\:|\:\lambda', \mu'))} &=& { \mu' (1- \tilde{p}_0(t\:|\: \mu',\lambda'))},\\
\tilde{p}_0(t\:|\:\lambda', \mu') &=& \tilde{p}_0(t\:|\: \mu',\lambda')e^{(\lambda'-\mu')t},\\
\tilde{q}(t\:|\: \lambda',\mu') &=& \tilde{q}(t\:|\: \mu',\lambda'),
\end{eqnarray*}\end{document}$$ *and for all $\documentclass[12pt]{minimal}
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}{}$n \geq 1$\end{document}$:* $$\documentclass[12pt]{minimal}
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\begin{document}
}{}
\begin{eqnarray*}
{(\mu')^{n-1}} \tilde{p}_n(t\:|\: \lambda',\mu') &=& {(\lambda')^{n-1}} \tilde{p}_n(t\:|\: \mu',\lambda').
\end{eqnarray*}\end{document}$$

Tree Probability Densities {#SEC3}
==========================
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As highlighted in Remark 6, we can, based on Corollary 1 of the supplementary material available on Dryad, directly conclude that $$\documentclass[12pt]{minimal}
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\begin{align*}
& f({\mathcal T} \:|\: t_0 = t_{\rm stem}, L_s(0)=n;\lambda,\mu) \\
& \quad{} = f({\mathcal T} \:|\: t_0 = t_{\rm stem}, L_s(0)=n;\mu,\lambda),\\
& f({\mathcal T} \:|\: t_1 = t_{\rm crown}, L_s(0)=n;\lambda,\mu )\\
& \quad{} = f({\mathcal T} \:|\: t_1 = t_{\rm crown}, L_s(0)=n;\mu,\lambda).
\end{align*}\end{document}$$

Thus, we obtain the same probability density when swapping birth and death. As a consequence, we have to specify if the birth rate is bigger or smaller than the death rate prior to any analysis based on these equations.
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Next, we characterize all birth--death parameters that are transformations of $\documentclass[12pt]{minimal}
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### Implications for proving properties of the birth--death tree distribution. {#SEC4.3.1}

Properties of the birth--death tree distribution need to be known in order to test if empirical data are significantly different from these properties and thus the birth--death model has to be rejected for the given data. Sometimes, proofs of the properties of the conditioned tree distribution are carried out for complete sampling (i.e., for parameters $\documentclass[12pt]{minimal}
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### Implications regarding model selection. {#SEC4.3.2}
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Discussion {#SEC5}
==========

Birth--death models have been studied for almost 100 years ([@B25]; [@B6]). However, surprising properties are still being uncovered. Here, we presented some unexpected symmetries in birth--death models with incomplete sampling of individuals. In particular, a birth--death process with incomplete sampling can be described phylogenetically through two parameters instead of three parameters, resulting in parameter nonidentifiability.

Such parameter nonidentifiability has important consequences for using birth--death models in phylogenetic and phylodynamic inference. In particular, the likelihood surface of the three birth--death parameters $\documentclass[12pt]{minimal}
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Furthermore, we showed that for some of the parameter triplets ($\documentclass[12pt]{minimal}
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}{}$\lambda,\mu,\rho$\end{document}$), their two-parameter description is, in fact, equivalent to a birth--death process with complete sampling. However, in some cases, the resulting 'death' rate is negative, and thus the transformed parameters cannot always be considered as a birth--death process with complete sampling. This means that we cannot simply prove properties of phylogenetic trees for complete sampling and then extrapolate to incomplete sampling, as we then miss some birth--death parameter combinations (namely the ones leading to a negative "death" rate). Furthermore, testing whether the data are completely sampled ($\documentclass[12pt]{minimal}
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The birth--death model presented here is the simplest model for speciation and extinction, or for transmission and recovery. However, it has limitations for explaining the data, as it assumes exponential growth of the population, although populations cannot have unlimited growth, and it assumes that all individuals are dynamically equivalent. There has been considerable work on extending the birth--death model to address such limitations ([@B9]; [@B10]; [@B16]; [@B3]; [@B18]), but no symmetries and only very special parameter nonidentifiability has been observed ([@B19]). It will be interesting to explore in the future whether the observed symmetries and nonidentifiabilities in our simple model are also present in these more complex models.
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